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Tuning the physical and mechanical properties of layered materials by changing the interlayer twisting angle has attracted extensive attention in recent years. For instance, it is reported that both the correlated insulating states and superconductivity can be observed when twisting a bilayer graphene for about 1.1° [1] [2] [3] . Coincidentally, by rotating layered materials (typical examples are graphene/graphite, molybdenum disulphide, multi-walled carbon nanotubes, etc.) to make the contact surfaces shifting from a commensurate to an incommensurate registry, the friction will drastically drop to almost zero (called structural superlubricity) [4, 5] . Since the first theoretical prediction that superlubricity might exist in the sliding interface with atomically flat, rigid, and structurally incommensurate surfaces [5] , remarkable experimental advances have been made in the realization of structural superlubricity on the nanoscale [6] [7] [8] [9] and microscale [10, 11] , and in different layered material systems [12] [13] [14] [15] [16] [17] [18] . Though the rationalized explanation of the underlying mechanism (i.e., the lateral forces acting on atoms in incommensurate surfaces cancel stochastically if added up [17, 19] ) has been widely accepted and illustrated by simulations [20] [21] [22] , there is still lacking of clear description of structural superlubricity on the basis of fundamental physical principles. Here, in contrast to the prevailing opinion that the structural superlubricity is from the interaction of atoms by assuming that the constituent atoms of the two contacting surfaces interact with each other due to the interaction potential [5] , we argue that the entropy change induced by twisting is the most fundamental of structural superlubricity. By formulating the equation of configuration entropy of a twisted bilayer graphene and based on the laws of thermodynamics, we developed a concise analytic model for structural superlubricity. The model builds a simple and analytical relation among the interlayer shear stress and twist angle, temperature, and the sample size, which can not only universally explain the reported experimental observations in superlubricity very well, but also predicts the persist of superlubricity at a wide range of temperatures and on 3 large scales. The model is shown in Fig. 1(a) , where a graphene flake with size of R is quasi-statically rotating relative to a fixed infinite graphene flake under a load torque of M. Considering that the Young modulus of graphene (~1000 GPa) is significantly larger than the interlayer shear modulus between graphene layers (4.3-5.1 GPa) [23] , we assume that the two graphene layers are rigid [24] .
When rotating the upper graphene flake with a twisted angle of θ, Moiré pattern (or superlattice) with side length of m forms ( Fig. 1(b) ).
Mathematically, the curve of m ( ) must possess the rotational symmetry of 30º and 60º. Thus, one only need to consider m ( ) in the range of 0 < ≤ 30°, and m can be readily obtained as [25, 26] 
where a is the C-C bond length of graphene lattice. The dependence of on the twisted angle can thus be plotted based on eq. (1) (Fig. 1(c) ), which shows that decreases monotonically with increasing the twisted angle in the range of 0 to 30º, and then symmetrically increases from 30º to 60º. Once the upper graphene flake is rotated out of commensurate registry with the bottom graphene, the regular arrangement of atoms between the upper and bottom graphene will be broken and disorder appears. On the basis that the two graphene layers during rotation can be simplified as rigid [24] and the superlattice is approximately periodic, the disorder degree of the twisted bilayer graphene system is determined by the number of possible atomic configurations (or micro-status) within one unit-cell (one red hexagon in Fig On the other hand, according to the first law of thermodynamics, we can write the energy conservation equation as
where U is the internal energy of the system, W is the work done to the system by the surroundings and Q is the heat. For a quasi-static rotation, we have Considering a simple case that there is no normal force exerted on the system, then the interlayer distance will maintain its equilibrium distance during rotation and it is almost unchanged during rotation [27] , so the internal energy keeps constant and d = 0 . To further confirm this point, we applied molecular dynamics simulation to calculate the internal energy (or potential energy) of a rigid bilayer graphene at different twisted angles. The MD simulation is based on the large-scale atomic/molecular massively parallel simulator package [28] . The interaction between the carbon atoms in the two rotating graphene layers is described by airebo potential. We found that the internal energy is almost the same (~45.5 meV/atom, Fig.1(d) ). Substituting eq. (1) into eq. (3) and differentiating it then substituting into eq. (4), we finally obtain = cot 2
Equation (5) states that the required load torque to maintain a quasi-static rotation is independent on the size of the bilayer graphene, which originates from the fact that no matter what the size of the bilayer graphene, the entropy of the system is solely determined by the number of micro-status within one unit-cell of the superlattice as long as R > am. However, it should be pointed out that eq. (5) is based on the assumptions that the bilayer graphene possesses perfect lattice (with atomic smooth surface and without defects) and they are inert and rigid. These are approximate validate for finite size since the larger of sample size, the higher possibility of defects appeared in the sample, these defects will inevitably dissipate energy during motion and thus superlubricity may fail [8, 22] . In addition, equation (5) will breakdown if the energy 6 contribution (the left side of eq. (4)) is comparable or larger than the entropy contribution to the torque, this is the case that the relative motion in the interface involves the formation and break of chemical bonds rather than the weak Van der Waals interaction considered here.
To calculate the interlayer shear stress ( ), which is induced by the relative rotation between the upper and bottom graphene flakes, we can consider the force balance of the upper graphene flake. For a quasi-static process, the external torque is balanced by the interlayer shear stress. For simplicity, we assume that the upper graphene flake is a circular disc with radius of R ( Fig.   1(a) ) and the interlayer shear stress is uniformly distributed, then we have
Equation (6) indicates that the interlayer shear stress is not zero for any twisted angles, except the limiting temperature of absolute zero. However, upon rotating the upper graphene flake out of commensurate registry with the bottom graphene flake, the interlayer shear stress will sharply and drastically decrease to almost zero. Typical results are shown in Fig. 2 , where an initial AA stacking mode before rotating is chosen as the reference. The temperature and the radius of the upper graphene flake are set as 300 K and 1 nm, respectively, the same conditions as the reported experimental measurement of friction between a sliding graphene nanoflake and a graphite substrate [8] .
We observed that decreases sharply as the twisted angle increases from 0º to 30º (along the blue-line in Fig. 2 ), which agrees well with the experiments (dots in Fig. 2 ) [8] . It is noted that the theoretical curve is a little larger than the measured values, which we attributed to the fact that the former is static stress (or static friction) and the latter is sliding friction.
Remarkably, our theory predicts that if further increases the twisted angle to larger than 30º but smaller than 60º, to maintain the quasi-static rotation, the required torque must reverse its direction and the shear stress is therefore 7 negative (or "negative" friction, Fig. 2 )! In other words, the upper graphene flake will drive by itself to rotate to a registry commensurate contact (along the blue-line in Fig. 2 until to a AB stacking mode). This seemingly counterintuitive behavior can be well understood if taking the entropy view:
as the twisted angle increasing from 30º to 60º, the period of the superlattice (am) increases (eq. (1)), which leads to the increase of the system disorder (or configuration entropy, eq. (3)). So we conclude that the spontaneous rotation of the upper graphene flake originates from the entropy increase principle.
Such a prediction has actually been observed in an experiment before [21] , where by measuring the lateral force between a graphite nanoflake tip and a highly oriented pyrolytic graphite substrate, the authors observed that superlubricity is eliminated by torque-induced reorientation. Further experimental evidence is from the observed superlubric sliding of a graphene nanoflake on a graphene substrate [9] , where the motion of the graphene nanoflake is initiated by a nanotip but the sliding of the graphene nanoflake was observed to terminate by rotating itself to a new commensurate position.
More interestingly, the authors found that the average sliding distance of the nanoflakes is larger at 5 K than at 77 K. This counterintuitive behavior, as mentioned by the authors, can also be qualitatively explained by our model (eq. (6)): the linear dependence of the interlayer shear stress on temperature indicates that the higher of temperature will result in the higher of sliding resistance force, which thus leads to the shorter sliding distance of the graphene nanoflake.
8 Fig. 2 . Dependence of the interlayer shear stress on the twisted angle (eq. (6)). Where the temperature is set as 300 K and the radius of the upper graphene flake is 1 nm, similar to the experimental conditions in Ref. [8] . The symmetry with 60º intervals agrees with the experimental observations and is in consistent with the symmetry of the bilayer graphene lattice.
Another striking feature reflected by eq. (6) is the size dependence of the interlayer shear stress, i.e., ∝ 1 3 ⁄ , which suggests that the interlayer shear stress will significantly decrease as the size of the upper graphene flake increasing. Typical results for R=1, 10, 100 and 3663 nm are shown in Fig. 3 , where we only plotted the curves in the twisted angle ranges of 0 to 60º (Fig.   3 ) due to the symmetry, and the rotating directions were chosen to obtain positive shear stresses. We found that the interlayer shear stress can be reduced from 10 1~1 0 2 MPa (depending on the twisted angle) at R=1 nm to 10 -4~1 0 1 Pa at R=3663 nm (Fig. 3) . This prediction agrees with the measured shear strength (2.6 Pa) for pulling a 9-mm-long inner shell out of a doublewalled carbon nanotube (DWCNT) with outer diameter of 2.73 nm [13] , where the overlap area between the inner and outer shells is ~42.1 μm 2 , the same as the case of R=3663 nm in our calculations (Fig. 3 ). More precise comparison is impossible since the twisted angle between the shells of the DWCNT is unknown. (Fig. 1a) increases, the interlayer shear stress is found decreasing follows ∝ 1 3 ⁄ . In the calculation, the temperature is set as the room temperature (T=300K).
Finally, we are interested to investigate the normal load effect since this is highly desirable in the application of structural superlubricity in long-lasting devices. In principle, equation (6) will hold true if under a normal load, the contribution of the internal energy to the torque can still be neglected by comparison with that of entropy change. We consider the simplest case that the upper graphene flake is quasi-statically rotated under the combinations of a torque M and a uniformly distributed normal stress . The problem is then converted to study how the internal energy changes with the twisted angle.
Because the loading is a quasi-static process, the normal load is balanced by the interlayer normal stress, which can thus be calculated by simply changing the interlayer distance (Fig. 4(a) ). For a given interlayer distance, the upper graphene flake was rotated to different twisted angles, the potential energy was then calculated and plotted versus the twisted angle (Fig. 4(b) ). We observed that even under a normal stress as high as 10 GPa, upon quasi-static rotation, the potential energy is almost unchanged with different twisted angles, which means that the derivation of potential energy with the twisted angle approximately equals to zero, namely, eq. (6) is still valid. In other words, the To summary, in contrast to the previous rationalized explanation of structural superlubricity by assuming that the friction is from atomic interaction potential, i.e., the cancel out of interaction force between atoms in the sliding incommensurate surfaces, we argue that the entropy change induced by twisting is the most essential physics leading to structural superlubricity. By formulating the equation of configuration entropy of a twisted bilayer graphene, we developed a concise analytic model for structural superlubricity.
We found that this model can universally explain experiments on structural superlubricity very well, including the observed rotational symmetry of frictional peak, the spontaneous rotation of a graphene nanoflake on a graphene substrate, the temperature dependent superlubric sliding, and the 11 normal load independent superlubricity. Most critically, our model clearly tells that the interlayer shear stress between incommensurate surfaces is not zero but near zero and it will continuously decrease as temperature decreasing or as sample size increasing. This is technologically interesting because it predicts that: (a) superlubricity can persist at a wide range of temperatures, especially at low temperatures; (b) large-scale superlubricity could exist if perfect (with an atomic smooth surface and zero defects) and rigid graphene can be prepared in the future. Our theory provides the theoretical foundation for structural superlubricity and could facilitate the development of new superlubric materials as well as extending their applications at extreme temperatures and normal loads.
